We give a condition which is sufficient for the two-weight (p, q) inequalities for commutators of potential type integral operators.
Introduction
For a non-negative, locally integrable function Φ on R n , define the potential type operator T Φ by
T Φ f (x) =
Now assume that the kernel Φ satisfies the following weak growth condition: there are constants δ, c > 0, 0 ε < 1 with the property that for all k ∈ Z, 
Associated to any kernel Φ, we denote by Φ the positive function defined for t 0,
The study of weighted inequalities for the potential type operators is relevant to many applications in partial differential equations and quantum mechanics. For the weighted inequalities for Riesz potentials I α and their commutators with BMO functions, we refer the readers to [3, 5, 9, 10] and the related papers for further information. For the two-weight problem of general potential operator T Φ with Φ satisfying the condition (1), in [7] Pérez gave some sufficient conditions on weights (u, v) such that the strong type (p, q),
holds for appropriate f . His results sharpen and unify the results in [2, 11] . Let 1 < p q < ∞, b ∈ BMO, and Φ satisfy (1), the higher order commutators of T Φ are defined by
where m = 0, 1, 2, . . . . In this paper, using the technique developed by Pérez [7] , we give a sufficient condition in terms of Orlicz bumps for the two-weight strong type (p, q) inequalities for the commutators T b,m Φ .
Preliminaries and main results
We will need the following facts about Orlicz spaces, for further information see [1] . For a given Young function B, there exists a complementary Young function B such that
There is another characterization of the Luxemburg norm, which we will need:
Given three Young functions A, B and C such that for all t > 0,
then we have the following generalized Hölder inequality due to O'Neil [6] : for all functions f and g and for any cube Q,
In particular, given any Young function B,
Given a Young function B, define the associated Orlicz maximal operator by
The dyadic maximal operator M d B is defined similarly, except the supremum is restricted to dyadic cubes containing x.
The main example that we are going to use is B m (t) = t log(e + 
and 
then the commutator T b,m Φ satisfies the strong type (p, q) inequality
For 0 < α < n the case Φ(x) = |x| α−n corresponds to the Riesz potential of order α. In this case Φ(t) ∼ = t α . By Theorem 2.2, we have the following corollary:
and
where B m (t) = t log(e + t) m . Let 
For 1 < p < ∞, an example of Young functions A m and C m which satisfy the conditions (6) and (7) given by Cruz-Uribe and Pérez [4] is 
The collection of dyadic cubes {Q t,j } is referred to as the Calderón-Zygmund decomposition of f with respect to B at height t.
We fix a constant a > 2 n , and for each integer k we let
Hence, by Lemma 3.1 with t = a k there is a family of maximal non-overlapping dyadic cubes
Lemma 3.2. [8] Suppose a > 2 n . For all integers k, j we let
E k,j = Q k,j \ Q k,j ∩ D k+1 . Then {E k,j }
is a disjoint family of sets which satisfies
|Q k,j | 1 1 − 2 n /a |E k,j |.
Proof of Theorem 2.2. Since the set of bounded functions with compact support is dense in L p (u p )
, it is enough to show that there is a constant C such that
for each bounded function with compact support f . By duality, this is equivalent to
for all bounded functions with compact support f, g. We set for each t > 0,
Φ(y),
where δ, ε are the numbers in (1). Following [7] , we can discretize the operator T b,m Φ as follows:
The ball B(y, 2 −ν ) is covered by the cube 3Q if y ∈ Q and l(Q) = 2 −ν . Hence
Then, by the Hölder inequality (5) and the John-Nirenberg theorem, we have
Since g has compact support, for the Young function B m (t) = t log(e + t) m , we have ug B m ,Q → 0 as l(Q) → ∞. For a constant a > 2 n and an integer k, by Lemma 3.1 with t = a k there is a family of maximal non-overlapping dyadic cubes {Q k,j } for which
For each integer k we let
where the last inequality will follow if we show that there is a constant C such that for any dyadic cube Q 0 ,
However, if l(Q 0 ) = 2 −ν 0 , then
By inequality (3), we have
since the overlap is finite. Now, by condition (1), we have Φ(2 −ν ) CΦ(2 −ν ) for ν ∈ Z, and then
again because the overlap is finite. Combining this and (12) yields inequality (11) . Let ρ = max{δ(1 + ε), 3}, then
The Hölder inequality (4) together with hypothesis (8) 
